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ABSTRACT

When modelling an ionized plasma, all spectral synthesis codes need the thermally averaged
free–free Gaunt factor defined over a very wide range of parameter space in order to produce
an accurate prediction for the spectrum. Until now no data set exists that would meet these
needs completely. We have therefore produced a table of relativistic Gaunt factors over a much
wider range of parameter space than has ever been produced before. We present tables of the
thermally averaged Gaunt factor covering the range 10 log γ 2 = −6 to 10 and 10 log u = −16
to 13 for all atomic numbers Z = 1 through 36. The data were calculated using the relativistic
Bethe–Heitler–Elwert (BHE) approximation and were subsequently merged with accurate
non-relativistic results in those parts of the parameter space where the BHE approximation is
not valid. These data will be incorporated in the next major release of the spectral synthesis
code CLOUDY. We also produced tables of the frequency integrated Gaunt factor covering the
parameter space 10 log γ 2 = −6 to +10 for all values of Z between 1 and 36. All the data
presented in this paper are available online.
Key words: atomic data – plasmas – radiation mechanisms: thermal – relativistic processes –
ISM: general – radio continuum: general.

1 I N T RO D U C T I O N
In the past many authors discussed the problem of calculating the
line and continuous spectrum of hydrogenic ions. In this paper we
will revisit the problem of calculating the free–free emission and
absorption of such an ion. The problem is normally described by
using the free–free Gaunt factor (Gaunt 1930), which is a multiplicative factor describing the deviation from classical theory. For
brevity we will sometimes refer to the free–free Gaunt factor simply
as the Gaunt factor below.
Any modern spectral synthesis code, such as CLOUDY (Ferland
et al. 2013) needs accurate values for the Gaunt factor over a wide
range of parameter space. Unfortunately none of the existing data
sets fulfils all the necessary requirements that CLOUDY imposes. We
have therefore undertaken to calculate a new set of Gaunt factors covering a very wide parameter range. This range is more than
enough to avoid any need for extrapolating the data (even taking cer-
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tain possible future extensions of the code into account). This makes
the new tables eminently suitable for CLOUDY, but the data are presented in such a form that they can also be easily used by other codes
that model the free–free absorption or emission process. In van Hoof
et al. (2014, hereafter Paper I) we described our calculations of nonrelativistic Gaunt factors using exact quantum-mechanical theory.
In this paper we will extend these calculations into the relativistic
regime. This is necessary since CLOUDY is designed to handle electron temperatures up to 10 GK. Relativistic effects are important at
these temperatures. However, since CLOUDY avoids the temperature
regime above 10 GK where electron–positron pair creation would
be important, we do not include this effect in our calculations.
In Section 2 we will describe the calculation of the relativistic
thermally averaged Gaunt factors. In Section 3 we will calculate
frequency-integrated free–free Gaunt factors and use these to determine the magnitude of the relativistic effects as a function of
temperature. Finally, in Section 4 we will present a summary of
our results. All the data presented in this paper are available in
electronic form from MNRAS as well as the CLOUDY website at
http://data.nublado.org/gauntff/.
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follows:

In this paper we will consider the process where an unbound electron
is moving through the Coulomb field of a positively charged nucleus, emitting a photon of energy ω in the process. We will assume
that the nucleus is a point-like charge, which implies that the theory
is only strictly valid for fully stripped ions. It is routinely used as an
approximation for other ions as well though. Unlike Paper I, we will
not use exact theory, but will calculate the Gaunt factors in the Born
approximation. The relativistic theory has been described in Bethe
& Heitler (1934) and will be corrected by a relativistic version of the
Elwert (1939) factor. The combined theory is hereafter referred to as
the BHE approximation. This approximation is described in detail
in Itoh, Nakagawa & Kohyama (1985), Nozawa, Itoh & Kohyama
(1998, hereafter N98), Itoh et al. (2000) and references therein.
Work by Elwert & Haug (1969) and Pratt & Tseng (1975) has
shown that the BHE approximation is an excellent approximation
for low values of the atomic number Z. However, this approximation
is not valid for low temperatures and low photon energies because
the Coulomb distortion of the wave functions becomes too large
and the Born approximation breaks down. In this regime we will
replace the relativistic data with exact non-relativistic Gaunt factors
(hereafter referred to as NR data). These data were described in
Paper I. Exactly how we merge the two data sets will be described
in more detail in Section 2.2.

eu J − (λ, ν, u, Z) =

Here we describe the theory needed to calculate the thermally averaged Gaunt factor in the BHE approximation. We will closely
follow the notation shown in Itoh et al. (1985) and N98. We
will only repeat the most important definitions needed for our
work.
First we need to define the distribution function for the electron
energies. This is done in its most general form using Fermi–Dirac
statistics. This results in the following normalization of the distribution function
 ∞
e(e2 − λ−2 )1/2
3
de.
(1)
(λ,
ν)
=
λ
G−
0
−1
exp(e − ν) + 1
λ
Here e = E/(kTe ) is a scaled version of the electron energy E
(including the rest mass of the electron), k is the Boltzmann constant,
and Te is the electron temperature, which is related to the parameter
λ by λ ≡ kTe /(me c2 ) where me is the electron mass and c the
speed of light. We can define a parameter η which is a measure
for the degeneracy of the electron gas. See equation (13) in N98
for a formal definition of this parameter. Throughout this work we
will assume η = −70 (as was done by N98), which is equivalent to
assuming that the gas is fully non-degenerate and in the low-density
limit. This is entirely appropriate for the conditions that CLOUDY is
modelling. See N98 for a further discussion where they showed
that their results were indistinguishable for −70 ≤ η ≤ −10. Using
η, we can define the parameter ν (which is a scaled version of the
electron chemical potential μ including the rest mass of the electron)
as
μ
= λ−1 + η = λ−1 − 70.
ν=
kTe
Next we need to define the integral of the relativistic cross-section
weighted by the electron distribution function. In order to avoid
numerical overflow when multiplying with the factor eu needed
below, we modify the first term in the integrand given by N98 as

∞

πi2 ef
λ−1 +u [exp(ei − u − ν) + exp(−u)] ei
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2 u ef ei
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with
ω
, ef = ei − u, πi = (ei2 − λ−2 )1/2 ,
kTe
ei + πi
ef + πf
,
πf = (ef2 − λ−2 )1/2 , βi = 2 ln −1 , βf = 2 ln
λ
λ−1
where α is the fine-structure constant, and i and f denote the initial
and final state of the electron, respectively.
Using these definitions, we can finally define the thermally averaged Gaunt factor as
√
eu J − (λ, ν, u, Z)
3 6
with
gff (γ 2 , u, Z) = √ λ7/2
G−
32 π
0 (λ, ν)
u=

γ2 =

(αZ)2
Z2
Z 2 Ry
Z 2 Ry
=
≈ 2.662 57 × 10−5 ,
=
2
kTe
me c λ
2λ
λ

(3)

where Ry is the infinite-mass Rydberg unit of energy given by
1 Ry = α 2 me c2 /2 ≈ 2.179 87 × 10−18 J.
The numerical implementation of equations (1) and (2) uses similar techniques to what is described in Paper I. We used the same
arbitrary precision math libraries discussed in that paper, and all
calculations were done with the size of the mantissa fixed to 256
bits. This value was chosen because 128 bits were found to be
marginally insufficient near γ 2 = 1010 and u = 10−16 . The integrals
were evaluated using the adaptive step size algorithm described in
Section 3 of Paper I, which includes an estimate for the error in the
result. We assured that these estimates were correct by comparing
integrals computed with different values for the tolerance. This way
we assured that the relative numerical error of the result is always
better than 3.6 × 10−5 in all tables, but typically the relative error
will be around 10−6 . The tables were calculated using the same
range of parameters as in Paper I. This is 10 log γ 2 = −6(0.2)10
and 10 log u = −16(0.2)13. The notation −6(0.2)10 indicates that
the Gaunt factor was tabulated for all values of 10 log γ 2 ranging
from −6 to 10 in increments of 0.2 dex, and similarly for 10 log u.
Since the relativistic effects break the degeneracy in atomic number
Z, we calculated separate tables for all atomic numbers between
Z = 1 and 36. These tables of pure BHE results are shown in
Table 1 and are also available in electronic form online. However, they will generally not be directly usable, as is discussed in
Section 2.2.
We compared our calculations to the data presented in tables 1–
4 of N98 and found them to be in good agreement. The largest discrepancy was less than 0.42 per cent for log γ 2 = −1.5, log u = 0,
and Z = 1 where N98 found a Gaunt factor of 1.054 and we found
1.058 38. The median discrepancy is 0.111 per cent for tables 1 and 2
MNRAS 449, 2112–2118 (2015)
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2.1 The Bethe–Heitler–Elwert approximation
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Table 1. gff (γ 2 , u, Z = 1). This table shows an excerpt of the relativistic thermally averaged Gaunt factors that we calculated
for Z = 1. The full electronic version of this table, as well as tables for other values of Z, are available online. Over the parameter
range shown in this table, the results are identical for the pure BHE and merged calculations. So only one table will be shown
here, but both pure BHE and merged data sets are available online. Entries 1.503 591 15+2 mean 1.503 591 15 × 10+2 .

10 log u

−6.00

−5.80

−16.00
−15.80
−15.60
−15.40
−15.20
−15.00

1.503 591 15+2
1.487 165 75+2
1.470 740 38+2
1.454 315 16+2
1.437 889 50+2
1.421 464 37+2

1.181 739 36+2
1.168 685 80+2
1.155 631 91+2
1.142 578 20+2
1.129 524 45+2
1.116 470 69+2

10 log γ 2
−5.60

9.292 406 45+1
9.188 588 22+1
9.084 771 93+1
8.980 953 99+1
8.877 136 37+1
8.773 318 44+1

−5.40

−5.20

−5.00

7.317 232 86+1
7.234 524 13+1
7.151 816 90+1
7.069 108 70+1
6.986 401 56+1
6.903 693 43+1

5.782 088 22+1
5.715 943 68+1
5.649 799 04+1
5.583 653 49+1
5.517 509 29+1
5.451 363 79+1

4.604 944 80+1
4.551 611 51+1
4.498 278 13+1
4.444 944 86+1
4.391 611 54+1
4.338 278 11+1

Figure 2. These figures show the BHE data for Z = 1 (rightmost solid curve) through 36 (leftmost solid curve) in increments of 5, for γ 2 = 100 (left-hand
panel) and γ 2 = 10−2 (right-hand panel). The exact non-relativistic results are indicated by the dotted line.

of N98 and 0.260 per cent for tables 3 and 4. Hence the deviations are
generally in good agreement with the relative error of 0.2 per cent
(for Z ≤ 8) and 0.4 per cent (for heavier elements) claimed
by N98.
2.2 Merging relativistic and non-relativistic results
The results of the calculations discussed in the previous section can
be seen in Figs 1 and 2. In Fig. 1 we can see that for low as well as
MNRAS 449, 2112–2118 (2015)

high γ 2 values the NR and BHE calculations disagree. For low γ 2
values (high temperatures) this is because the assumptions in the
non-relativistic calculation break down and the BHE results should
be used. For high γ 2 values (low temperatures) on the other hand
the Coulomb distortion of the wave functions becomes very large
and the Born approximation used by Bethe & Heitler (1934) breaks
down. In this regime the BHE approximation cannot be used and
the NR results should be adopted. In Fig. 2 we see that both for
low and high u values the NR and BHE calculations disagree. For

Downloaded from http://mnras.oxfordjournals.org/ at University of Kentucky Libraries on November 19, 2015

Figure 1. These figures show the BHE data for Z = 1 (leftmost solid curve) through 36 (rightmost solid curve) in increments of 5, for u = 1 (left-hand panel)
and u = 10−4 (right-hand panel). The exact non-relativistic results are indicated by the dotted line.
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sufficiently large photon energies (larger than roughly 100–10 000
Ry) this is again because the assumptions in the non-relativistic
calculation break down and the relativistic results should be used.
For lower photon energies the situation is more complex however.
For low temperatures (as shown in the left-hand panel of Fig. 2)
the non-relativistic results will be more accurate and they should be
used. For high temperatures (as shown in the right-hand panel of
Fig. 2) on the other hand the relativistic results should be used for
all values of u.
From this discussion it is clear that neither the NR nor the BHE
results can be used unchanged over the entire parameter range. We
need to merge the relativistic and non-relativistic results to obtain
a data set that is accurate for all values of γ 2 , u, and Z. For this we
use the following algorithm. For every possible value of u and Z we
compare both data sets as a function of increasing values of γ 2 . For
every value of γ 2 we compute the distance between the relativistic
and non-relativistic curve. When we view these results as a function
of γ 2 one of the following three things can happen.
(i) The curves never intersect, but the distance reaches a minimum value for a given γ 2 . This case is shown in the left-hand panel
of Fig. 3. In this case we choose the changeover point as the γ 2
value where the distance is minimal. This happens for low u values
(10 log u < 0.6 for Z = 1).
(ii) The curves intersect in multiple places. This case is shown in
the right-hand panel of Fig. 3. In this case we choose the changeover
point as the tabulated γ 2 value closest to the leftmost intersect point.
This happens for higher u values (0.6 ≤ 10 log u ≤ 12 for Z = 1).
(iii) Neither of these two things happen and the distance is monotonically decreasing without reaching either a minimum or intersect
point. In this case no changeover point is chosen and the relativistic
data are used for all values of γ 2 . This happens for the highest u
values (10 log u > 12 for Z = 1).
If a changeover point was found, then the relativistic data will be
used below the changeover point and the non-relativistic data above.
Immediately around the changeover point a smooth transition from
one curve to the other will be created. The transition region will be
between three and nine tabulation points wide, depending on how
large the minimum distance is between the NR and BHE curve. At
the changeover point we will adopt the geometric mean of the NR
and BHE result: (gNR gBHE )1/2 . At the adjacent points we will use
3
3
gBHE )1/4 and (gNR gBHE
)1/4 , etc. The full details of the algorithm
(gNR

can be found in the program MERGE.CC which is included in the source
tarball available on the CLOUDY website.
The results of this algorithm can be seen in Fig. 3. It should be
noted that the case shown for Z = 36 has the worst match between
the relativistic and non-relativistic results. For lower Z values the
match will be better. The regions of the parameter space where
either the BHE or NR data are used are depicted graphically in
Fig. 4. The resulting merged data sets are available online, and are
also shown in Table 1 and Figs 5 and 6. These tables should be used
for plasma simulations.
2.3 Spectral simulations with CLOUDY
We have incorporated this improved theory into the development
version of the spectral simulation code CLOUDY, which can simulate both photoionized and collisionally ionized gas. The largest
differences are expected at high temperatures and photon energies.
As an example of the effects of the improved Gaunt factor, we
show the spectrum of a solar-abundance low-density gas with a
temperature of 100 MK in coronal equilibrium in Fig. 7.
We compare the old Gaunt data in CLOUDY version c13.03
(a combination of NR data with various extrapolations) and
the new data presented in this paper. The upper panel shows
the spectrum while the lower panel shows the ratio of new
to old treatments. Significant enhancements in the continuous emission occur at high energies. The new data presented
in this paper will be incorporated in the next major release
of CLOUDY.
3 T H E T OTA L F R E E – F R E E G AU N T FAC T O R
Similar to Paper I, we will include a calculation of the total free–free
Gaunt factor which is integrated over frequency. Analytic fits to this
quantity were presented in Itoh et al. (2002) for 6.0 ≤ Te ≤ 8.5 and
1 ≤ Z ≤ 28. The data presented here extend these results in Te as
well as Z. The formula for the frequency integrated Gaunt factor is
given by Karzas & Latter (1961):
 ∞
e−u gff (γ 2 , u, Z)du.
(4)
gff (γ 2 , Z) =
0

The resulting data are shown in Table 2. This quantity is useful
for comparing the relativistic and non-relativistic Gaunt factors and
assess the magnitude of the relativistic effects as a function of
MNRAS 449, 2112–2118 (2015)
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Figure 3. These figures show the result of merging the BHE data for Z = 36 with the exact non-relativistic data from Paper I. The left-hand panel is for
u = 0.01 and the right-hand panel for u = 100.
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Figure 5. These figures show the merged free–free Gaunt data for Z = 1 as a function of u (left-hand panel) and γ 2 (right-hand panel). Thick curves are
labelled with the values of 10 log γ 2 (left-hand panel) and 10 log u (right-hand panel) in increments of 5 dex. The thin curves have a spacing of 1 dex.

Figure 6. Same as Fig. 5, but for Z = 36.

temperature. This comparison is shown in Fig. 8. By inspecting
these plots we can see that for Z = 1 the relativistic effects only
become important above Te = 100 MK. At 100 MK the relativistic
effects increase the cooling by slightly more than 0.75 per cent while

MNRAS 449, 2112–2118 (2015)

the magnitude of the effect quickly rises for higher temperatures.
At 1 GK the relativistic effects raise the cooling by more than
15 per cent, and at 10 GK by more than 317 per cent. For higher
Z species the relativistic effects only become important at higher

Downloaded from http://mnras.oxfordjournals.org/ at University of Kentucky Libraries on November 19, 2015

Figure 4. These figures show the source of the Gaunt factor as a function of log γ 2 and log u for Z = 1 (left-hand panel) and Z = 36 (right-hand panel). The
shaded area is where the smooth transition between the BHE and NR data is created.
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Table 2. This table shows an excerpt
of the total free–free Gaunt factor as a
function of γ 2 for Z = 1. The full electronic version of this table, as well as
tables for other values of Z are available online. Entries 3.920 23+1 mean
3.920 23 × 10+1 .
10 log γ 2

−6.00
−5.90
−5.80
−5.70
−5.60
−5.50
−5.40
−5.30
−5.20
−5.10
−5.00

gff (γ 2 , Z = 1)
3.920 23+1
3.331 20+1
2.822 68+1
2.385 83+1
2.011 84+1
1.690 78+1
1.417 10+1
1.183 33+1
9.853 44+0
8.175 65+0
6.769 18+0

temperatures than for lower Z species. At Te = 325 MK, the effect
is still less than 1 per cent for Z = 36.
We calculated the total free–free Gaunt factor for all values of Z
between 1 and 36. These tables are available in electronic form on
the CLOUDY website. We also provide simple FORTRAN and C programs
to interpolate these tables.

4 S U M M A RY
In this paper we presented calculations of the relativistic thermally
averaged Gaunt factor using the Bethe–Heitler–Elwert approximation. These data are not valid for low temperatures and low photon
energies because the Born approximation used by Bethe & Heitler
(1934) breaks down in that regime. We have therefore merged our
data set with the non-relativistic data we presented in Paper I. The
BHE approximation is only valid for low values of Z, which is why
we have restricted our calculations to all values of Z between 1 and
36. A comparison of our calculations with the data presented by
N98 showed that they are in good agreement.
We also calculated the frequency integrated Gaunt factor for all
values of Z between 1 and 36. We compared these calculations with
the non-relativistic total Gaunt factor presented in Paper I. From
this comparison we concluded that relativistic effects only become
important for electron temperatures in excess of 100 MK and that
relativistic effects are less pronounced for higher Z species at the
same temperature.
All data presented in this paper are available in electronic form from MNRAS as well as the CLOUDY website at
http://data.nublado.org/gauntff/. In addition to these data tables, we
also present simple interpolation routines written in FORTRAN and C
on the CLOUDY website. They use a 3rd-order Lagrange scheme to
interpolate the logarithm of the thermally averaged Gaunt data. This
reaches a relative error better than 3 × 10−3 everywhere. The next
release of CLOUDY will contain a vectorized version of the interpolation routine which is faster, while maintaining the same precision. It
MNRAS 449, 2112–2118 (2015)
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Figure 7. The upper panel shows the spectrum of a 108 K gas with solar abundances in coronal equilibrium, computed both with the old and new treatments.
The lower panel shows the ratio. Significant enhancements in the continuous emission are present at high energies.
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is based on the Newton interpolation technique. The program used
to calculate all data is also available from the CLOUDY website.
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Additional Supporting Information may be found in the online version of this article:
Table 1. gff (γ 2 , u, Z = 1). This table shows an excerpt of the
relativistic thermally averaged Gaunt factors that we calculated for
Z = 1.
Table 2. This table shows an excerpt of the total free–free Gaunt
factor as a function of γ 2 for Z = 1.
(http://mnras.oxfordjournals.org/ lookup/suppl/doi:10.1093/mnras/
stv404/-/DC1).
Please note: Oxford University Press is not responsible for the
content or functionality of any supporting materials supplied by
the authors. Any queries (other than missing material) should be
directed to the corresponding author for the article.
This paper has been typeset from a TEX/LATEX file prepared by the author.
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Figure 8. The total free–free Gaunt factor as a function of γ 2 and Te . The left-hand panel shows a comparison of the merged relativistic data for Z = 1 (solid
line) with the non-relativistic data taken from Paper I (dotted line). The right-hand panel shows the same, but for Z = 36.

